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Abstract 

Suppose that D C C is a Jordan domain and x, y 6 31? are dis- 
tinct. Fix kg (4,8) and let rj be an SLE K process from x to y in D. 
We prove that the law of the time-reversal of rj is, up to reparameter- 
ization, an SLE K process from y to x in D. More generally, we prove 
that SLE K (pi; p%) processes are reversible if and only if both pi are at 
least k/2 — 4, which is the critical threshold at or below which such 
curves are boundary filling. 

Our result supplies the missing ingredient needed to show that for 
all k G (4, 8) the so-called conformal loop ensembles CLE K are canon- 
ically defined, with almost surely continuous loops. It also provides 
an interesting way to couple two Gaussian free fields (with different 
boundary conditions) so that their difference is piecewise constant and 
the boundaries between the constant regions are SLE K curves. 
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1 Introduction 

Fix k G (2, 4) and write k' — 16/ K G (4, 8). Our main result is the following: 

Theorem 1.1. Suppose that D is a Jordan domain and let x, y G dD be 

distinct. Let rf be a chordal SLE K / process in D from x to y. Then the law of 
if has time-reversal symmetry. That is, if 'ip: D — > D is an anti-conformal 
map which swaps x and y, then the time-reversal of ip orf is equal in law to 
rj' , up to reparameterization. 

Since chordal SLE K curves were introduced by Schramm in 1999 [21] . they 
have been widely believed and conjectured to be time-reversible for all k < 8. 
For certain k values, this follows from the fact that SLE K is a scaling limit 
of a discrete model that does not distinguish between paths from x to y and 
paths from y to x {k = 2: chordal loop-erased random walk [TT], k = 3: Ising 
model spin cluster boundaries |30j, n = 4: level lines of the discrete Gaussian 
free field [21], k = 16/3: the FK-Ising model cluster boundaries [30J, k = 6: 
critical percolation [29l |2]. k = 8 uniform spanning tree boundary [TT]). 

The reversibility of chordal SLE K curves for arbitrary k G (0,4] was es- 
tablished by Zhan [32] in a landmark work that builds on the commutativity 
approach proposed by Dubedat [1] and by Schramm [21] in order to show 
that it is possible to construct a coupling of two SLE K curves growing at each 
other in opposite directions so that their ranges are almost surely equal. By 
expanding on this approach, Dubedat and Zhan [33] extended this result 
to include one-sided SLE K (p) processes with k G (0,4] which do not inter- 
sect the boundary (i.e., p > | — 2). The reversibility of the entire class of 
chordal SLE K (pi; p 2 ) processes for pi, p 2 > —2 (even when they intersect the 
boundary) was proved in [16] using a different approach, based on coupling 
SLE with the Gaussian free field [To] . 

This work is a sequel to and makes heavy use of the techniques and results 



from [151 HE]- We summarize these results in Section 2.2, so that this work 
can be read independently. Of particular importance is a variant of the "light 
cone" characterization of SLE K / traces given in [15] , which is a refinement of 
so-called Duplantier duality. This gives a description of the outer boundary 
of an SLE K ' process stopped upon hitting the boundary in terms of a certain 
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SLE K process. We will also employ the almost sure continuity of so-called 



SLE K (p) and SLE K /(p') traces (see Section 2.2), even when they interact non- 
trivially with the boundary [T5l Theorem 1.3] . 



Theorem |1.1| is a special case of a more general theorem which gives the 
time-reversal symmetry of SLE K /(pi;p 2 ) processes provided pi,p% > y ~ 4. 
We remark that the value y — 4 is the critical threshold at or below which 
such processes are boundary filling [15]. 

Theorem 1.2. Suppose that D is a Jordan domain and let x, y G 3D be 

distinct. Suppose that rf is a chordal SLE K /(pi; p 2 ) process in D from x to y 
where the force points are located at x~ and x + . If ip: D — > D is an anti- 
conformal map which swaps x and y, then the time-reversal of if) o rf is an 
SLE re /(pi; p 2 ) process from x to y, up to reparameterization. 



Theorem [L2] has many consequences for SLE. For example, the conformal 
loop ensembles CLE K are random collections of loops in a planar domain, 
defined for all k G (8/3,8]. Each loop in a CLE K looks locally like SLE K , 
and the collection of loops can be constructed using a branching form of 
SLE k (k— 6) that traces through all of the loops, as described in [28]. However, 
there is some arbitrariness in the construction given in [28]: one has to choose 
a boundary point at which to start this process, and it was not clear in [2H] 
whether the law of the final loop collection was independent of this initial 
choice; also, each loop is traced from a specific starting/ending point, and it 
was not clear that the "loops" thus constructed were actually continuous at 
this point. 

For k G (4, 8] the continuity and initial-point independence were proved 
in [2H] as results contingent on the continuity and time-reversal symmetry 
of SLE K and SLE k (k — 6) processes. As mentioned above, continuity was 



recently established in [15] ; thus Theorem 1.2 implies that the CLE K defined 
in [28] are almost surely ensembles of continuous loops and that their laws 
are indeed canonical (independent of the location at which the branching 
form of SLE k (k — 6) is started). We remark that the analogous fact for 
CLE K with k G (8/3,4] was only recently proved in [27] . In that case, the 
continuity and initial-point independence are established by showing that the 
branching SLE k (k — 6) construction of CLE K is equivalent to the loop-soup- 
cluster-boundary construction proposed by Werner. 

Our final result is the non-reversibility of SLE re /(pi; p 2 ) processes when 
either p x < y — 4 or p 2 < y — 4: 
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Theorem 1.3. Suppose that D is a Jordan domain and let x, y £ 3D be 
distinct. Suppose that r( is a chordal SLE re /(pi;p 2 ) process in D from x to 
y. Let ip: D — >■ D be an anti- conformal map which swaps x and y. If either 
Pi < y — 4 or p 2 < y — 4, then the law of the time-reversal of ' ip(rf) is not 
an SLE K /(p) process for any collection of weights p. 




Figure 1.1: The curve on the left represents an SLE K /(pi; p 2 ) where k' G (4, 8) 
and pi,p2 > y — 4. It was shown in [T51 Theorem 1.4] and [351 Theorem 
1.1] that the law of the outer boundary of this path (the pair of red curves 
from x to y on the right) has time-reversal symmetry; thus one can couple 
an SLE K /(pi;p 2 ) path rf from x to y with an SLE K /(p 2 ;pi) path 7' from y 
to x in such a way that their boundaries almost surely agree. Moreover, it 
was also shown in [T51 Proposition 7.30] that given these outer boundaries, 
the conditional law of the path within each of the white "bubbles" shown on 
the right (i.e., each of the countably many components of the complement 
of the boundary that lies between the two boundary paths) is given by an 
independent SLE K /(y — 4; y — 4) process from its first to its last endpoint 
(illustrated by the black dots on the right). Thus, if SLE K /(y — 4; y — 4) has 
time-reversal symmetry, then we can couple rj and 7' so that they agree (up 
to time-reversal) within each bubble as well. 
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Outline 



The remainder of this article is structured as follows. In Section [2j we will 
give a brief overview of both SLE and the so-called imaginary geometry of 
the Gaussian free field. The latter is a non-technical summary of the results 
proved in [T5] which are needed for this article. This section is similar to [TB| 



Section 2]. In Section [3j we will prove Theorems 1.1 1.3 Finally, in Section 
[I] we briefly explain how these theorems can be used to construct couplings 
of different Gaussian free field instances with different boundary conditions; 
as an application, we compute a simple formula for the probability that a 
given point lies to the left of an SLE K /(y — 4; y — 4) curve. (The analogous 
result for SLE K /, computed by Schramm in [22], does not have such a simple 
form.) 

illustrates, when k! G (4,8) and pi,p2 > 2 



As Figure 



1.1 



4, the results 

obtained in |15[ 1 16 j reduce the problem of showing time-reversal symmetry 
to the special case that rf is an SLE K ,(y -4;f -4), which is a random curve 
that hits every point on the entire boundary almost surely. The second step is 
to pick some point z on the boundary of D and consider the outer boundaries 
of the past and future of 7/ upon hitting z — i.e., the outer boundary of the 
set of points visited by 7/ before hitting z and the outer boundary of the set 



of points visited by 7/ after hitting z, as illustrated in Figure 1.2 Lemma 3.2 



shows that the law of this pair of paths is invariant under the anti-conformal 
map D —7- D that swaps x and y while fixing z. 

The proof of Lemma 3^ is the heart of the argument. It makes use of 
Gaussian free field machinery in a rather picturesque way that avoids the 
need for extensive calculations. Roughly speaking, we will first consider 
an "infinite volume limit" obtained by "zooming in" near the point z in 
Figure 1.2 In this limit, we find a coupled pair of SLE K (pi; p 2 ) paths from 
z G <9H to 00 in H and [T6l Theorem 1.1] implies that the law of the pair 
of paths is invariant under reflection about the vertical axis through z. By 
employing a second trick (involving a second pair of paths started at a second 
point in dH) we are able to recover the finite volume symmetry from the 
infinite volume symmetry. 

we can couple forward and reverse SLE K / 



Once we have Lemma 



3.2 



4; y — 4) processes so that their past and future upon hitting z have the 



same outer boundaries. Moreover, given the information in Figure 1.2, [T5| 



Proposition 7.32] implies that the conditional law of 7/ within each of these 



bubbles is again an independent SLE K / 



4; y — 4) process. (This is a 
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Figure 1.2: Let 77' be an SLE K / 



4; y — 4) (which almost surely hits 



every point on 3D) and let 2 be a fixed point on 3D. The left of the two 
blue curves shown (starting at z, ending at the top of the box) is the outer 
boundary of the "past of z" (i.e., the set of all points 7/ disconnects from y 
before z is hit). The right blue curve with the same endpoints is the outer 
boundary of the "future of z" (i.e., the set of all points the time-reversal 



of rf disconnects from x before z is hit). Lemma 3.2 shows that the law 
of this pair of paths is invariant under the anti-conformal map D — ^ D 
that swaps x and y while fixing z. Thus we can couple forward and reverse 
SLE K /(y — 4; y — 4) processes so that these boundaries are the same for both 
of them. The conditional law of rj within each of the white bubbles is given 
by an independent SLE K /(y — 4; y — 4) process [TSJ Proposition 7.24], so we 
can iterate this construction. 



consequence of the "light cone" characterization of SLE K / processes estab- 
lished in [15].) Thus we can pick any point on the boundary of a bubble and 
further couple so that the past and future of that point (within the bubble) 
have the same boundary. Iterating this procedure a countably infinite num- 
ber of times allows us to couple two SLE re /(y — 4; y — 4) curves so that one 
is almost surely the time-reversal of the other, thereby proving Theorem 1.2| 



The non-reversibility when one of p\ or p2 is less than y — 4 is shown by 
checking that the analog of Figure |1.2 is not invariant under anti-conformal 
maps (fixing z, swapping x and y) in this case. 
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2 Preliminaries 



The purpose of this section is to review the basic properties of SLE K (p L ; p R ) 
processes in addition to giving a non-technical overview of the so-called imag- 
inary geometry of the Gaussian free field. The latter is a mechanism for 
constructing couplings of many SLE K (p L ; p R ) strands in such a way that it is 
easy to compute the conditional law of one of the curves given the realization 
of the others [15]. 



2.1 SLE K (/?) Processes 

SLE K is a one-parameter family of conformally invariant random curves, in- 
troduced by Oded Schramm in [21] as a candidate for (and later proved to 
be) the scaling limit of loop erased random walk [11] and the interfaces in 
critical percolation [2UI [2] . Schramm's curves have been shown so far also to 
arise as the scaling limit of the macroscopic interfaces in several other mod- 
els from statistical physics: [Ml EH El [23j [H]. More detailed introductions 
to SLE can be found in many excellent survey articles of the subject, e.g., 

[anno]. 

An SLE K in H from to oo is defined by the random family of conformal 
maps g t obtained by solving the Loewner ODE 

dMz) = ^T^w t > 9o{z) = z (2 ' 1} 

where W = \[kB and B is a standard Brownian motion. Write K t := {z 6 
H : t(z) < t}. Then g t is a conformal map from H t := H\K t toH satisfying 
lim^i^oo \g t (z) — ^|=0. 

Rohde and Schramm showed that there almost surely exists a curve r] (the 
so-called SLE trace) such that for each t > the domain H f is the unbounded 
connected component of H \ 7/([0, £]), in which case the (necessarily simply 
connected and closed) set K t is called the "filling" of ??([0,£]) [19]. An SLE K 
connecting boundary points x and y of an arbitrary simply connected Jordan 
domain can be constructed as the image of an SLE K on H under a conformal 
transformation ip : H — > D sending to x and oo to y. (The choice of i/j 
does not affect the law of this image path, since the law of SLE K on H is 
scale invariant.) SLE re is characterized by the fact that it satisfies the domain 
Markov property and is invariant under conformal transformations. 
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SLE re (p ; p ) is the stochastic process one obtains by solving (2.1) where 



the driving function W is taken to be the solution to the SDE 



y/~kdB t 

2 



E 



E 

q£{L,R} i 



W, 



y** 



-dt 



(2.2) 



W, 



-dt, 



yhq 



X 



l,q 



Like SLE fi 

The existence and uniqueness of solutions to (2.2) is discussed in pj2 Section 



the SLE K (p ; p ) processes arise in a variety of natural contexts. 



2]. In particular, it is shown that there is a unique solution to (2.2) until the 
first time t that W t = V t J ' 9 where Yjl=i P %,q — ~ 2 f° r Q £ {L, R] — we call 
this time the continuation threshold (see [151 Section 2]). In particular, 



if J2i.=i P i,q > - 2 for a11 1 < 3 < \p_ q \ for 1 e {L, R}, then Q has a unique 
solution for all times t. This even holds when one or both of the x 1,q are 
zero. The almost sure continuity of the SLE re (p L ; p R ) trace is also proved in 
[T5l Theorem 1.3]. 



2.2 Imaginary Geometry of the Gaussian Free Field 

We will now give an overview of the so-called imaginary geometry of the 
Gaussian free field (GFF). In this article, this serves as a tool for construct- 
ing couplings of multiple SLE strands and provides a simple calculus for 
computing the conditional law of one of the strands given the realization of 
the others [TS]. The purpose of this overview is to explain just enough of the 
theory so that this article may read and understood independently of [T5] . 
however we refer the reader interested in proofs of the statements we make 
here to [15j. We begin by fixing a domain D C C with smooth boundary 
and letting C™(D) denote the space of compactly supported C°° functions 
on D. For f,g E C$°(D), we let 

(f,9h jvf(x)-Vg(x)dx 

denote the Dirichlet inner product of / and g where dx is the Lebesgue 
measure on D. Let H(D) be the Hilbert space closure of C^°(D) under 
(-, -)y. The continuum Gaussian free field h (with zero boundary conditions) 
is the so-called standard Gaussian on H(D). It is given formally as a random 
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linear combination 

h = >^ Oinfn, (2.3) 
n 

where (a n ) are i.i.d. N(0, 1) and (/„) is an orthonormal basis of H(D). The 
GFF with non-zero boundary data if) is given by adding the harmonic exten- 
sion of if) to a zero-boundary GFF h. 

The GFF is a two-dimensional-time analog of Brownian motion. Just as 
Brownian motion can be realized as the scaling limit of many random lattice 
walks, the GFF arises as the scaling limit of many random (real or integer 
valued) functions on two dimensional lattices [H El US [TBI [T3J . The GFF 
can be used to generate various kinds of random geometric structures, in 
particular the imaginary geometry discussed here [26l [15] . This corresponds 
to considering e lh ^ x , for a fixed constant x > 0. Informally, the "rays" of the 
imaginary geometry are flow lines of the complex vector field e l( - h ^ x+9 \ i.e., 
solutions to the ODE 

v \t) = e i{hMt))+e) for t > 0, (2.4) 
for given values of 77(0) and 9. 




h 



Figure 2.1: The set of flow lines in D is the pullback via a conformal map 
if> of the set of flow lines in D provided h is transformed to a new function h 
in the manner shown. 



A brief overview of imaginary geometry (as defined for general functions 
h) appears in [2S] , where the rays are interpreted as geodesies of a variant of 
the Levi-Civita connection associated with Liouville quantum gravity. One 
can interpret the e th direction as "north" and the e^ h+7r / 2 ) direction as "west" , 
etc. Then h determines a way of assigning a set of compass directions to 
every point in the domain, and a ray is determined by an initial point and 
a direction. When h is constant, the rays correspond to rays in ordinary 
Euclidean geometry. For more general continuous h, one can still show that 
when three rays form a triangle, the sum of the angles is always ir [26] . 
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Figure 2.2: We will often make use of the notation depicted on the left hand 
side to indicate boundary values for Gaussian free fields. Specifically, we will 
delineate the boundary 3D of a Jordan domain D with black dots. On each 
arc L of dD which lies between a pair of black dots, we will draw either a 
horizontal or vertical segment L and label it with x. This means that the 

boundary data on L is given by x. Whenever L makes a quarter turn to the 
right, the height goes down by fx and whenever L makes a quarter turn to 
the left, the height goes up by fx- More generally, if L makes a turn which 
is not necessarily at a right angle, the boundary data is given by x times the 
winding of L relative to Lq. If we just write x next to a horizontal or vertical 
segment, we mean to indicate the boundary data just at that segment and 
nowhere else. The right side above has exactly the same meaning as the 
left side, but the boundary data is spelled out explicitly everywhere. Even 
when the curve has a fractal, non-smooth structure, the harmonic extension 
of the boundary values still makes sense, since one can transform the figure 



via the rule in Figure |2.1| to a half plane with piecewise constant boundary 
conditions. 



To build these rays, one begins by constructing explicit couplings of h with 
variants of SLE and showing that these couplings have certain properties. 
Namely, if one conditions on part of the curve, then the conditional law of 
h is that of a GFF in the complement of the curve with certain boundary 
conditions (see Figure 2.3). Examples of these couplings appear in [25 | [20 | 
El |26] as well as variants in [12], E E] ■ The next step is to show that in these 
couplings the path is almost surely determined by the field so that we can 
really interpret the ray as a path-valued function of the field. This step is 
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carried out in some generality in P, |2HJ US] • 

If h is a smooth function, r] a flow line of e lh ^ x , and ip: D — > D a conformal 
transformation, then by the chain rule, ip -1 ^) is a flow line of ho ip — x&rg ijj' , 



as in Figure 2A_ With this in mind, we define an imaginary surface to be 
an equivalence class of pairs (D, h) under the equivalence relation 



(D, h) (ip (D), h o V - xargV') = (A h). 



(2.5) 



We interpret ■?/> as a (conformal) coordinate change of the imaginary surface. 
In what follows, we will generally take D to be the upper half plane, but one 



can map the flow lines defined there to other domains using (2.5) 



V([0,r]) 




Figure 2.3: Suppose that h is a GFF on H with the boundary data depicted 
above. Then the flow line r\ of h starting from is an SLE K (p L ; p ) curve in 
H where \p L \ = \p R \ = 2. Conditional on ^([0,r]) for any r] stopping time 
r, h is equal in distribution to a GFF on H \ ^([0,r]) with the boundary 
data on ^([0,r]) depicted above (the notation a which appears adjacent to 



77QO, r]) is explained in some detail in Figure 2.2). It is also possible to couple 
t]' ~ SLE K /(p L ; p R ) for k' > 4 with h and the boundary data takes on the 
same form. The difference is in the interpretation — 7/ is not a flow line of h, 
but for each time r, the left and right outer boundaries of the set r/'([0,r]), 
traced starting from i](t), are flow lines of h with appropriate angles. 



We assume throughout the rest of this section that k 6 (0,4) so that 
k' := 16/k G (4,oo). When following the illustrations, it will be useful to 
keep in mind a few definitions and identities: 



A := -7=, A' := — == = -J- = -A < A, x: = — -y- >Q 2.6 
V K a/16//c 4 4 y/K 2 
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7T 



27r X = 4(A-A'), X' = X-- X 
2n X = (4 - k)X = (k' - 4)A'. 



(2.7) 
(2.8) 




Figure 2.4: Suppose that h is a GFF on H with the boundary data depicted 
above. For each 8 G R, let r]g be the flow line of the GFF h + 6\- This 
corresponds to setting the initial angle of T]g to be 6. Just as if h were a smooth 
function, if 9\ < 9 2 then r\g x lies to the right of r)g 2 [To! Theorem 1.5]. The 
conditional law of h given i] dl and r)Q 2 is a GFF on H\U? =1 77e i whose boundary 
data is shown above [T5l Proposition 6.1]. By applying a conformal mapping 



and using the transformation rule (2.5), we can compute the conditional law 



of r\Q x given the realization of i]g 2 and vice-versa. That is, i]g 2 given % is 
an SLE K ((a — #2%) /A — 1; {62 — $i)x/A — 2) process independently in each of 
the connected components of H \ t]q 1 which lie to the left of 77^ . Moreover, 
77^! given r]g 2 is an SLE K ((6 I 2 — 8i)x/X — 2; (b + 9ix)/X — 1) independently in 
each of the connected components of H \ r]g 2 which lie to the right of r\g 2 [T5| 
Section 7.1]. 



The boundary data one associates with the GFF on H so that its flow 
line from to 00 is an SLE K (p L ;p R ) process with force points located at 



x = (x L , x R ) is 



-A ( 1 + P i,L J for x e [x j+hL , x hL ) and (2.9) 
A \1 + J2p] for x G [x j,R ,x j+1 ' R ) (2-10) 



i=l 
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This is depicted in Figure 2.3 in the special case that \p L \ = \p R \ = 2. As 
we explained earlier, for any rj stopping time r, the law of h conditional on 
77([0, r]) is a GFF in H \77QO, r]). The boundary data of the conditional field 
agrees with that of h on <9H. On the right side of rj([0, r]), it is A' +x - winding, 
where the terminology "winding" is explained in Figure |2.2[ and to the left 



it is —A' + x ' winding. This is also depicted in Figure 2.3 



By considering several flow lines of the same field, we can construct cou- 
plings of multiple SLE K (p) processes. For example, suppose that 8 G R. The 
flow line T]$ of h + 8x should be interpreted as the flow line of the vector 
field e %h / x+e . That is, rjg is the flow line of h with initial angle 8. If h were a 
continuous function and we had 8\ < 8 2 , then it would be obvious that r\e x 
lies to the right of rje 2 . Although non-trivial to prove, this is also true in the 



setting of the GFF [T5"l Theorem 1.5] and is depicted in Figure 2.4 



For 8 1 < 82, we can compute the conditional law of rjg 2 given 77^ [151 
Section 7.1]. It is an SLE K ((a — 8 2 x)/^ — 1; (82 — $i)x/A — 2) process 
independently in each connected component of H \ t\q 1 which lies to the 
left of 7/0J [151 Section 7.1]. Moreover, r}$ x given r]g 2 is independently an 
SLE K ((# 2 — #i)x/A — 2; (b + 8ix)/\ — 1) in each of the connected components 



of H \ i]g 2 which lie to the right of t\q 2 . This is depicted in Figure 2.4 



It is also possible to determine which segments of the boundary a flow 
or counterflow line cannot hit. This is described in terms of the boundary 
data of the field in Figure 2.5 and proved in [T51 Lemma 5.2] (this result 
gives the range of boundary data that rj cannot hit, contingent on the almost 
sure continuity of 77; this, in turn, is given in [15, Theorem 1.3]). This 
can be rephrased in terms of the weights p: an SLE K (p) process almost 
surely does not hit a boundary interval {x 1 ' , x l+1 ' ) (resp. (x l+1,L , x 1 )) if 

Es=i P S ' R > f - 2 ( res P- ELi P S ' L > f - 2). See [El Remark 5.3]. 

Recall that k' = 16/ k G (4, 00). We refer to SLE K / processes 7/ as coun- 
terflow lines. The left boundaries of rj'([0, r']), taken over a range of r' values, 
form a tree structure comprised of SLE K flow lines which in some sense run 
orthogonal to 77'. The right boundaries form a dual tree structure. We can 
construct couplings of SLE K and SLE K / processes (flow lines and counterflow 
lines) within the same imaginary geometry [151 Theorem 1.4]. This is de- 
picted in Figure 2.6 in the special case of a single flow line 770 with angle 8 
emanating from x and targeted at y and a single counterflow line 77' emanat- 
ing from y. When 8 > -(A — A') = f, r/g almost surely passes to the left of 
(though may hit the left boundary of) 77' [T5l Theorem 1.4 and Theorem 1.5]. 
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Figure 2.5: Suppose that h is a GFF on the strip S with the boundary data 
depicted above and rj is the flow line of h starting at 0. The interaction of rj 
with the upper boundary djjS of dS depends on a, the boundary data of h 
on duS. Curves shown represent almost sure behaviors corresponding to the 
three different regimes of a (indicated by the closed boxes). The path hits 
djjS almost surely if and only if a G (—A, A). When a > A, it tends to — oo 
(left end of the strip) and when a < — A it tends to oo (right end of the strip) 
without hitting duS. This can be rephrased in terms of the weights p: an 
SLE K (p) process almost surely does not hit a boundary interval (x l,R , x l+1, ) 

(resp. ~<y +1 ' L ,^)) if J2 i s =iP s ' R > f - 2 ( res P- J2 i s =iP s ' L > f - 2). See [151 
Lemma 5.2] and [T5| Remark 5.3]. These facts hold for all k > 0. 



If 9 = |, then rjg is equal to the left boundary of rj'. There is some intuition 
provided for this in Figure 2.6l Analogously, if 9 < -(A' — A) = — |, then 
rjg passes to the right of 77 |15l Theorem 1.4 and Theorem 1.5] and when 
9 — — f, r)g is equal to the right boundary of rj' . 

Just as in the setting of multiple flow lines, we can compute the condi- 
tional law of a counterflow line given the realization of a flow line (or multiple 
flow lines) within the same geometry. One case of this which will be particu- 



larly important for us is explained in Figure 2.7 — that the conditional law 



of 7]' given its left and right boundaries evolves as an SLE K /(y — 4; y — 4) 
process independently in each of the complementary connected components 
which lie between its left and right boundaries [151 Proposition 7.30]. This 
is sometimes referred to as "strong duality" for SLE (see [HI Section 8.2] for 
related results). We remark that y — 4 is the critical value of p at which 
counterflow lines are boundary filling. When p > y — 4, then SLE K / (p) does 
not fill the boundary and when p G (—2, y — 4], then SLE K /(p) does fill the 
boundary. The situation is analogous for two-sided SLE K /(pi; p 2 )- 

There is an important variant of SLE duality which allows us to give 
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Figure 2.6: We can construct SLE K flow lines and SLE re /, k' — 16/ k G (4, oo), 
counterflow lines within the same geometry. This is depicted above for a 
single counterflow line t/ emanating from y and a flow line 770 with angle 
9 starting from (we intentionally did not describe the boundary data of 
h on dD). If 9 = 9 R : = ^(A' — A) = — | so that the boundary data on 
the right side of rjg matches that on the right side of rj', then t]g will almost 
surely hit and then "merge" into the right boundary of r/([0,T']) for any 77' 
stopping time r' and, more generally, the right boundary of the entire trace 
of 7/ is given by rje — this fact is known as SLE duality. Analogously, if 
9 = 9 L := -(A — A') = f = — 9r, then rj e will almost surely hit and then 
merge into the left boundary of 7/([0,r']) and is equal to the left boundary 
of the entire trace of 77'. These facts are proved in fTEl Theorem 1.4]. 



the law of the outer boundary of the counterflow line 77' upon hitting any 
point z on the boundary [T5J Proposition 7.32]. If z is on the left side of 
dD, it is given by the flow line of h with angle — | and if z is on the right 
side of dD, it is given by the flow of h with angle |. This is explained 



in Figure 2.8 in the special case of boundary filling SLE K /(y — 4; y — 4) 
processes. This will be particularly important for this article, since it will 
allow us to describe the geometry of the outer boundary between the set of 
points that 77' visits before and after hitting a given boundary point. Iterating 
the procedure of decomposing the path into its future and past leads to a 
new path decomposition of SLE K / curves. We remark that this result is 
closely related to a decomposition of SLE K / paths into a so-called "light cone" 
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-A'(l+pi) y A'(l+p 2 ) 




-A'(l+Pl)+7TX X A'(l + p 2 )-7TX 



Figure 2.7: (Continuation of Figure 2.6). We now assume that the bound- 



ary data for h is as depicted above and that pi,p2 > y — 4. Then 
77' ~ SLE K /(pi; p 2 ). Let 77^ and 77^ be the left and right boundaries 
of the counterflow line 7/, respectively. One can check that in this case, 



r]0 q ~ SLE K (p\; pf) with p?,p| > —2 for q G {L,R} (see Figure 2.3 and recall 
the transformation rule (2.5)). Each connected component C of D\(r]g L Ur)g R ) 
which lies between rjg L and 77^ has two distinguished points xc and yc - 
the first and last points on dC traced by rjg L (as well as by 77^). In each 
such C, the law of 7/ is independently an SLE K /(y — 4; y — 4) process from 
yc to %c [HI Proposition 7.30]. If we apply a conformal change of coor- 
dinates ip: C S with ip(xc) = —00 and ip(yc) = 00, then the law of 
h o — x arg(7/> -1 )' is a GFF on S whose boundary data is depicted on the 
right hand side. Moreover, ip{r]') is the counterflow line of this field running 
from +00 to —00 and almost surely hits every point on dS. This holds more 
generally whenever the boundary data is such that rig L ,rig R make sense as 
flow lines of h until terminating at y (i.e., the continuation threshold it not 
hit until the process terminates at y). 



of angle restricted SLE K trajectories in the same imaginary geometry [T5"| 
Theorem 1.4]. 
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Figure 2.8: Suppose that h is a GFF on S whose boundary data is depicted 
above and fix z in the lower boundary d^S of S. Then the counterflow line 
rj' of h from 00 to —00 is an SLE K /(y — 4; y — 4) process (see Figure 2.3 and 
recall the transformation rule (2.5)) and almost surely hits z, say at time t' z . 
The left boundary of r/'([0, t' z ]) is almost surely equal to the flow line r}\ of h 
starting at z with angle 6l = | stopped at time r^, the first time it hits the 
upper boundary djjS of S. The conditional law of h given 77* ([0, t]]) in each 
connected component of S \ ^([0, r*]) which lies to the right of r}\ ([0, r*]) is 
the same as ft itself, up to a conformal change of coordinates which preserves 
the entrance and exit points of rf . The conditional law of 7/ within each such 
component is independently that of an SLE K /(y — 4; y — 4) from the first to 
last endpoint [151 Proposition 7.32]. 

3 Proofs 



In this section, we will complete the proofs of Theorems 1.1-1.3 The strategy 
for the former two is first to reduce the reversibility of SLE K /( pi; 2) for 
Pi, P2 > y - 4 to the reversibility of SLE K /(y - 4; y - 4) (Lemma 3.1 ). The 



main step to establish the reversibility in this special case is Lemma |3.2 
which implies that the law of the geometry of the outer boundary of the 
set of points visited by such a curve before and after hitting a particular 
boundary point z is invariant under the anti-conformal map which swaps 



the seed and terminal point but fixes z (see Figure 2.9). This allows us 
to construct a coupling of two SLE K /(y — 4; y — 4) processes growing in 
opposite directions whose outer boundary before and after hitting z is the 
same. Successively iterating this exploration procedure in the complementary 
components results in a coupling where one path is almost surely the time- 
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Figure 2.9: (Continuation of Figure 2.8) Moreover, t]'([t z , oo)) almost surely 
stays to the left of 77* ([0, r]}). It is the counterflow line of h restricted to 
the left component of S \ 77^ ( [0 , ] ) , starting at z and running to —00 P~5J 
Proposition 7.32]. Let w = 77* (t^ 1 ). Since 7/ is boundary filling and cannot 
enter into the loops it creates with itself or the boundary, the first point on 
djjS that 7/ hits after time r' z is w. The left boundary of r/'|[ r ' )0O ) is given 
by the flow line rjl of h given 77^ ( [0, t^] ) in the left connected component 
of S \ t^([0,tJ-]) with angle 9l, started at w and stopped at the time t z 
that it first hits z. The order in which 7/ hits the connected components of 
S \ (^([0, r z ]) U ^([0, t z })) which lie to the right of ^([0, t z }) is determined 
by the reverse chronological order that 77* traces their boundary. Likewise, 
the order in which 7/ hits those connected components which lie to the left 
of 7/2 ([0,r!]) is determined by the reverse chronological order that if z traces 
their boundary [15, Proposition 7.32]. Lemma 3.2 states that the law of the 
pair {77^1 [o,t-i] > 7/5: 1 [0^2]} is invariant under reflection about the vertical axis 
through z up to time-reversal and reparameterization. This is a necessary 
condition for 77' to be reversible. 



reversal of the other, which completes the proof of reversibility. The proof 
of Lemma 3.2 will make use of the reversibility of SLE K (p!; p 2 ) [T6t Theorem 
1.1] and the "light cone" characterization of SLE K / from [TSJ Theorem 1.4]. 
We will in particular need the variant of SLE duality described in Figure [278] 
and in Figure 2.9 (see [H2, Section 7.4.3]) . 
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3.1 Reducing Theorems |1.1| and |1.2| to critical case 



We begin with the reduction of Theorem 1.2 to the critical boundary-filling 



case, which was mostly explained in Figure |1.1 



Lemma 3.1. Fix pi,p 2 > y — 4. TTie reversibility of SLE re /(pi; p 2 ) is equiv- 
alent to the reversibility of SLE K /(y — 4; y — 4). 

Proof. Suppose that D is a Jordan domain and x,y £ dD are distinct. As- 
sume that pi,p 2 > y — 4 and let p' be an SLE K /(pi;p 2 ) from y to x. Let 
^: D — > D be an anti-conformal map which swaps x and y. Figure 2.7 im- 
plies that the left boundary r\ L of p' is an SLE^pf; p£) process from x to 
y for some Pi,p% > —2. Since the time-reversal of T]l is an SLE K (p2 ; pf) 
process from y to x [El Theorem 1.1], it follows that ^(rji) has the law of 
the left boundary of an SLE K /(pi;p 2 ) process in D from y to x. Combining 



Figure |2/T| with Figure 2.4, we see that the right boundary p# of p' condi- 



tional on rjL is also an SLE K (pf;p2) process for pf,pf > —2 from x to y 



Thus [121 Theorem 1.1] implies that the time-reversal of p# given rjL is an 
SLE K (p 2 , ;pf) process from y to x. Consequently, we have that ip({VL, Vr}) 
has the law of the outer boundary of an SLE K /(pi; p 2 ) process in D from y to 
x. By Figure 2.7 (and [151 Proposition 7.30]), we know that the conditional 
law of rj' given r\ L and r\ R is an SLE K /(y — 4; y — 4) process independently 
in each of the connected components of Z) \ (p^ U p#) which lie between p^ 
and pr. This proves the desired equivalence for pi, p 2 > \ — 4. The proof is 
analogous if either p 1 = y — 4 or p 2 = y — 4. □ 



3.2 Main lemma 

For the remainder of this section, we shall make use of the following setup. 
Let S = R x (0, 1) be the infinite horizontal strip in C and let h be a GFF 
on S whose boundary data is as indicated in Figure |2.9[ Let 8lS and duS 
denote the lower and upper boundaries of S, respectively. Fix z G d^S and 
let rjl be the flow line of h starting at z with angle 9i := (A — X')/x = f " 
this is the flow line of h + QlX starting at z. Due to the choice of boundary 
data, 



almost surely hits duS (see Figure 2.5), say at time r\. Let rjl 
be the flow line of h with angle 8l starting from w = tjKt^) in the left 
connected component of S \ p*([0, r}}). Due to the choice of boundary data, 
rf z almost surely hits d^S at z (though it will hit d^S first in other places, 



see Figure 2.5), say at time 77 
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For each a £ R, we let lZ a : C — > C be the reflection of C about the verti- 
cal line through a. We will now prove that the law of T z = {r]l\\Q )T i], t]1\[o,t 2 ]}, 
as in Figure 2J} is invariant under 1Z Z , up to time-reversal and reparameter- 
ization. 



Lemma 3.2. The law of T z defined just above is invariant under 1Z Z , up to 
time-reversal and reparameterization. 

We note that 1Z Z is the unique anti-conformal map 5—7-5 which fixes 
z and swaps — oo with +oo. The proof begins with a half-plane version of 



the construction described in Figure 2.9 (as would be obtained by "zooming 



in near z") which we explain in Figure 3.1| We then consider a similar 
construction (using the same instance of the GFF) from a nearby point, 
as shown in Figure 3J2 The result follows from these constructions in a 
somewhat indirect but rather interesting way. It builds on time-reversal 
results for SLE K (pi;p 2 ) processes [HI Theorem 1.1] (see also [32], [5]) while 
avoiding additional calculation. 



Proof of Lemma S.fy Suppose that h is a GFF on H with constant boundary 
data c = —A' as depicted in Figure 3^ and Figure 3J2 The main construction 
in this proof actually makes sense for any c such that c < — A' and c + 
6lX > ~^ (and we will make use of this fact later). For each z £ R, we 
let i]\ be the flow line of h starting at z with a ngle 9^. Note that r]\ is an 
SLE K ( ~ C ~ 6>£X — 1; c+e x LX — 1) process (see Figure 2.3). Our hypotheses on c 
imply that both 



-c - OlX 
A 



1 > 



K 



2 and 



c + 6lX 
A 



1 < 



K K 

2 < 2 



In the latter inequality, we used that k £ (2,4). Consequently, rj 
surely does not hit (— oo, z) but almost surely does intersect (z, oo) 



1 almost 



sec 



Figure 2.5 as well as [151 Remark 5.3]). Conditionally on rjl, we let rf z be the 
flow line of h in the left connected component of H \ rjl starting at oo with 
angle 9l- Then -rf z is an SLE k (k — 4; C+0 X LX — 1) process in the left connected 
component of H \ r}\ from oo to 2 (see Figure 
that since k £ (2,4) we have that k — 4 > —2 



2.4 



and Figure 2.3; note also 
Therefore if z almost surely 
exits H at z and cannot be continued further (though it may hit R in (— oo, z) 



before exiting; see Figure 2.5). 



We let £/o be the connected component of H \ U rjf) which contains 
on its boundary. Similarly, we let U\ be the connected component of 
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Figure 3.1: We consider the analog of Figure 2J3 in which S is replaced 
by the entire upper half plane H. We let h be a GFF on H with constant 
boundary data —A' as depicted above. For z e <9H, we let r\\ be the flow line 
of h with angle 9l starting at z. Conditional on 77^, we let rjl be the flow line 
of h with angle Ql starting at 00 in the left connected component of H \ 77*. 
The particular case z = is depicted above. In this case, the symmetry of 
the law of the pair of paths under reflection about the vertical line through 
holds if and only if c = —A', as in the figure (Lemma 3.3). We will extract 



this from the time-reversal symmetry of SLE K (pi; P2) [16, Theorem 1.1]. The 
area between the pair of paths can be understood as a countable sequence 
of "beads" . Some of these beads have boundaries that intersect the negative 
real axis, some the positive real axis, some neither axis, and some both axes 



(see Figure 2.5). 



H \ (t]q U t]q) which contains 1 on its boundary. Let U\ — > S be the 



conformal transformation, as indicated in Figure 3.2, which takes the left 
and rightmost points of R fl dUi to —00 and +00, respectively, and 1 to z. 
Let S\ be the image of the restrictions of r]{ and r/f to U\. Given Ui, Si is 



equal in law to the bead sequence constructed in Figure 2.9 (see Figure 3.2). 
The same is also true for Uq when we define So analogously. 

Note that IZ1/2 is an anti-conformal automorphism of H which swaps 
and 1. Thus ipi o IZ1/2 is an anti-conformal map from TZi/2{Ui) (which is a 



neighborhood of 0) to S. Thus, Lemma 3.2 is a consequence of Lemma 3.4 
stated and proved just below (and which uses c = —A'). 



□ 



Before we state and prove Lemma 3.4, we first need the following lemma 
which gives the reflection invariance of the pair of paths T z = {?7^,^} for 



22 
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-A' 



Figure 3.2: (Continuation of Figure 3.1). The analogous sequence of beads 
beginning at 1 will at some point merge with the sequence beginning at 
since their boundaries are given by flow lines with the same angle (see [To"! 
Theorem 1.5]). Let B be the first bead that belongs to both sequences. In 
general, this bead may intersect any subset of the three intervals (— oo,0), 
(0,1), and (l,oo) (see Figure 2.5). (In the sketch above, it intersects both 
(0, 1) and (1, oo).) Let U\ be the connected component of H\ (t]q Ut}q) which 
contains 1 and let U\ — > S be the conformal map which takes 1 to x, 
x G OlS fixed, and the left and right most points of dU\ fl R to — oo and oo, 
respectively. Then hoip^ 1 — % arg^f 1 )' is a GFF on S whose boundary data 



is as depicted on the right side, which is exactly the same as in Figure 2.9 



z G <9H (up to a time-reversal and reparameterization of the paths). 

Lemma 3.3. Suppose that h is a GFF on H with constant boundary data 
c with c G (—A — 9lx, —^']- For each z G R, let r]\ be the flow line of h 
starting at z with angle 9^. Conditionally on r)l, let rf z be the flow line of 
h in the left connected component of H\i]l from oo with angle 9i . Then 
the law of the pair is invariant under 1Z Z modulo direction reversing 

reparameterization if and only if c = —A'. 



Proof. We first suppose that c = —A'. By Figure 2.3 (see also the beginning 



of the proof of Lemma 3.2), we know that r\\ ~ SLE K (| — 2; — |) and, con- 
ditionally on rjl, rf z ~ SLE K (/t — 4; — |) from oo to z (the k — 4 force point 
lies between r/l and rjl). By the time-reversal symmetry of SLE K (pi; p 2 ) pro- 
cesses jini Theorem 1.1], this in turn implies that the law of the time-reversal 
IZirjl) of rf z given rj\ is an SLE K (— |; k — 4) process from z to oo in the left 



connected component of H \ rr\. By Figure 2.4, this in turn implies that 
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1Z{rf z ) is an SLE K (— |; | — 2) process from z to oo in H and, moreover, the 
law of r/l given H{jf z ) is an SLE k (k — 4; — |) process from z to oo in the right 
connected component of H\r/^. This proves the desired invariance of the law 
of {r)l,r)z} under 1Z Z . For c 7^ —A', the fact that the law of the pair {rjl,f]^} 
is not invariant under TZ Z follows from a similar argument (recall the values 



of the weights p given in the beginning of the proof of Lemma 3.2). □ 

Lemma 3.4. Suppose that h is a GFF on H with constant boundary data 
c with c = —A'. For each z £ R, let r\\ be the flow line of h starting at z 
with angle 9 L . Conditionally on rr\, let rf z be the flow line of h in the left 
connected component ofH\r]l with angle 9l from 00 to z. For any z,w £ R 
with z < w, the law of {rjl, r^,/^, rj^} is invariant under 7Z( z+w )/2 (up to 
time-reversal and reparameterization) . 

Proof. By rescaling and translating, we may assume without loss of generality 
that z = and w — 1. For a £ {0, 1}, we let T a = rr\ U rf a . We first observe 
that T a is independent of S\- a for a £ {0, 1} (where we recall that S a and 



U a are defined in the proof of Lemma 3.2) and, by Lemma 3.3 we know that 
the law of T a is invariant under TZ a . 

We now consider the following rerandomization transition kernel /C. Based 
on the result of a fair coin toss, we either 

1. Resample T from its original law (leaving S\ unchanged) and then 
resample 7\ from its original law (leaving Sq unchanged). 

2. Resample T\ from its original law (leaving Sq unchanged) and then 
resample To from its original law (leaving Si unchanged) 

Let Xi —TqUTx. Clearly, the law of Xi is invariant under /C. Let Yi be 
the image of Xi under TZi/2- Since /C is itself symmetric under 7Z\/2, the law 
of Yi is also invariant under fC. We inductively define X n and Y n by applying 
K (using the same coin tosses and choices for new T and T\ values) to 
and Y n -\. Note that each X n (resp. Y n ) has the same law as X\ (resp. Y\). 
Let K be the first time for which, during the rerandomization, we start by 
resampling T and find that the first bead B which is contained in both 



T and T\ intersects both (0,1) and (l,oo), as depicted in Figure 3.2, and 
then we resample T\. We note that this happens with positive probability 
in each application of /C. Clearly, Xk = Yk (since they have the same 5o 
component after resampling T , and this remains true after the Ti component 
is resampled for both). Thus X n = Y n for all n > K and K is almost surely 
finite. Thus X\ and Y\ must indeed have the same law as desired. □ 
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w 



Figure 3.3: By symmetry, Figure |2.9| has an obvious "upside down" analog. 
Let h be a GFF on the infinite strip S = R x (0, 1) in C with the boundary 
data depicted above. For z £ djjS, we let r\\ be the flow line of h with angle 
Or. Then r]\ has to hit the lower boundary OlS of S (to see this, rotate the 
picture by 180 degrees, apply (2.5), and then Figure 2.5). Let w be the point 



where the path r\\ first hits di<S, say at time r\. Conditionally on 77* ([0, r*]), 
let rjl be the flow line of h starting at w with angle Or in the left connected 
component of S \ ?7*([0, r]}). Then rf z almost surely exits dyS at z, say at 



time 77 (see Figure 2.5). In analogy with Lemma 3.2, we have that the joint 



law of the pair T z = | [o,t-i] > ^zl[o,r|]} is invariant under reflecting S about 
the vertical line through z (after time- reversal and reparameterization). 



Remark 3.5. We can define T z for z £ djjS analogously and we have a reflec- 



tion invar iance result which is analogous to Lemma 3.2 This is described in 



Figure 3.3 



3.3 Iteration procedure exhausts curve 



In view of Lemma |3.1| and Lemma |3.2[ we can now complete the proof of 
Theorem 11.11 and Theorem 11.21 



Proof of Theorem 1.2, Let D C C be a bounded Jordan domain and fix 
x,y £ dD distinct. We construct a sequence of couplings (rj' k _ , r( k + ) of 
SLE K /(y — 4; y — 4) curves on D with rj' k _ connecting y to x and rj' k+ con- 
necting x to y as follows. We take r)[ _ and r][ + to be independent. Let 
T2\ — \ z n.i \ be a countable, dense collection of points in dD and let z\ = Zi : %. 



Lemma 



3.2 



implies that the law of T Zl (^ _), the closure of the set of points 
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Figure 3.4^ 
Theorem 



1.2 



The first step in the coupling procedure used in the proof of 



for pi = p 2 



4. Let (t][ _,rj' 1 + ) be independent SLE h 



4; y — 4) curves in a bounded Jordan domain D with T][ _ connecting y with 
x and rj' 1+ connecting x to y, x, y G <9-D distinct. Lemma 3.2 implies that 
the law of the set T Zl (rji-) which consists of the closure of the set of points 
which lie between the outer boundaries of rj[ _ before and after hitting z\ is 
equal in distribution to the corresponding set T Zl (rj' 1+ ) for r)' 1+ . Therefore 
we can construct a coupling of SLE K /(y — 4; y — 4) processes (r)' 2 _, f] 2 +) sucn 
that T^TM- )=TM+)- 



which lie between the outer boundaries of r}[ _ before and after hitting zi, is 
equal in law to the corresponding set T^ijj^ + ) for T)' 1+ . Consequently, there 
exists a coupling {r]' 2 _, r)' 2 + ) such that T 1 := T Zl {rj' 2 _) = T Zl {ri 2 + ). Note 

that the order in which r( 2 _ visits the connected components of D \ T 1 is the 
reverse of that of r]' 2+ [To"! Proposition 7.32]. Moreover, the conditional law 

of r]' 2 _ given T 1 is independently an SLE K /(y — 4; y — 4) process in each of 

these components and likewise for i]' 2+ given T 1 [T5l Proposition 7.32]. 

We will now explain how to iterate this procedure. Let (dj) be a se- 
quence that traverses N x N in diagonal order, i.e. d\ = (1, 1), d 2 = (2, 1), 
d 3 = (1,2), etc. Suppose that k > 2. We inductively take V k = {z nk \ to 



3.2 



be a countable, dense subset of dT and z k = z dk . Applying Lemma 
again, we know that T Zk (rj' k _), the closure of the set of points which lie be- 
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Figure 3.5: 
rj' 2 _ and rj' 2i 



(Continuation of Figure 3.4). Suppose that z 2 G 3D \ T . Then 
j_ are both SLE K /(y — 4; y — 4) processes in the connected com- 



3.2 



ponent C of D \ T which contains Z2 on its boundary. Applying Lemma 
again thus implies that the law of the set T Z2 (i] 2 _) which consists of the 
closure of the set of points which lie between the outer boundaries of i]' 2 _ 
before and after hitting z 2 is equal in distribution to the corresponding set 
T Z2 (rj' 2+ ) for rj' 2+ . Therefore we can construct a coupling of (773., 773 + ) such 



that T 



T Z2 (r)' 3+ ). The proof proceeds by successively cou- 



pling the boundary between the future and past of the two curves until one 
is almost surely the time-reversal of the other. 



tween the outer boundaries of the set of points visited by r]' k _ before and 
after hitting Zk, is equal in law to T Zk (r]' k+ ), the corresponding set for r]' k+ . 

Thus by resampling i] k _ and r]' k + in the connected component of D \ UjZlT J 
with Zk on its boundary (and leaving the curves otherwise fixed), we can con- 
struct a coupling (^ +1 _,^ +1+ ) such that T := T Zk (i k+l _) = T Zk (r]' k+1+ ) 
almost surely. Then the conditional law of i]' k+1 _ and rj k+1 , in each of 

the complementary components of D \ \J k - =1 T 3 is independently that of an 
SLE K ,(f -4;f -4) process and rf k+x visits these connected components 
in the reverse order of i] k+1 + [151 Proposition 7.32]. 

To complete the proof, we will show that, up to reparameterization, the 
uniform distance of the time-reversal of r]' k , to r] k _ converges to almost 
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Figure 3.6: The above figure illustrates what happens in the setting of 



Figure [279] when the constant upper and lower strip boundary data is modified 
so that the counter flow line rj' from +00 to —00 is still boundary filling, but 
at least one of the pi (say the one corresponding to the l ower boundary) is 



strictly less than the critical value y — 4. As in Figure 2.9, the paths 77* 
and rf z describe the outer boundary of rf before and after hitting z. The 
law of the pair of paths in a neighborhood of z is absolutely continuous with 
respect to the law that one would obtain if the upper strip boundary were 
removed, so that both paths go between and 00 in H (and it is not hard 
to see that the local picture of the pair of paths converges to the half-plane 
picture upon properly rescaling). In this case, the "angle" between the right 
path and (0,oo) is less than that between the left path and (— 00, 0). Since 
the opposite is true for the reflected pair of paths (about the vertical line 



through z), the time-reversal of a boundary-filling SLE re (pi; p-i) can on 
an SLE K (p' 1 ; p' 2 ) (for some p[, p' 2 ) if p\ = P2 = % — 4 (recall also Lemma 



Y b e 



3.3) 



surely. Note that r)' h _ = r)[_ and rj' k , = r)[ + for all k. Consequently, the 
sequence (77^ T]k,+) is tight (with respect to the topology induced by the 
uniform distance). Let (r/_,r/ + ) be any subsequential limit. Let Ck be the 
collection of connected components of D \ Uj =l T 3 . For w G D, let Ck{w) 
be the element of Ck which contains w (take Ck{w) = if there is no such 
connected component). Let d k = diam(Cfe(w)), where we take dk = if 
Ck{w) = 0. It suffices to show that lim^oo dk = almost surely (the limit 
exists since dk is decreasing). Let a' k be the time that rf_ enters Ck(w) 
and let r' k be the time that r]'_ leaves (by the construction, these are also 
the same times that 77'- enters and leaves Ck{w) for all j > k). By the 
continuity of r/'_, it suffices to show that lim fc _ >00 (r^. — a' k ) = almost surely 
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(the limit exists because the sequence is monotonically decreasing). There 
exists z G (Pi U • • • U V k ) D dCk(w) such that 

W-(°k) ~A + W-W'k) ~z\> §4 

since (V 1 U ■ ■ ■ U V k ) n dCk(w) is dense in dCk{w). This implies that, with 
£' k = mi{t G [Cfc,Tj(.] : rf_(t) = z} (recall that rf_ almost surely has to hit 
z since it fills the boundary of C& («;)), we have either u(\£' k — a' k \) > \dk 
or uj{\r' k — £' k \) > \dk where u is the modulus of continuity of r]'_. Using 
the notation of the previous paragraph, we have that z = Zj(k) for some 
j(k) > k. By the construction, we have WjQA, T 'j(k)} ^ s contained in either 
[^fc'^fc] or [^fc' r fc]- ^ n the former case, we have 

W m - r' m \ < W k ~ r' k \ ~ \£ k ~ r' k \ < \a' k - r>\ - uj-\\d k ). 

Similarly, in the latter case, 

\ a 'm - T j(k)\ < Wk - T k\ - Wk - < Wk - r k\ - w _1 (|4). 

This leads to a contradiction if lim^oo dk ^ and therefore limfc^oo c4 = 0, 
almost surely, as desired. □ 



3.4 Non-critical boundary-filling paths 

We now prove Theorem 1.3, which states that SLE K /(pi;p 2 ) d° es not have 
time-reversal symmetry when min(pi,p 2 ) < y — 4. 



Proof of Theorem \1.5\ We may assume wit hou t loss of generality that p\ G 

together with the discussion 



3.6 



(— 2, y — 4). This case is treated in Figure 
of the half-plane problem for general constant boundary values c that was 
given in the proofs of Lemma |3.2| and Lemma |3.3[ □ 



4 Couplings 

One interesting aspect of time-reversal theory is that it allows us to cou- 
ple two Gaussian free fields h and h with different boundary conditions in 
such a way that their difference is almost surely piecewise harmonic. In 
fact, for special choices of boundary conditions, one can arrange so that this 
difference is almost surely piecewise constant, with the boundary between 
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Figure 4.1: Consider a GFF h on the infinite vertical strip [—1,1] xR whose 
boundary values are depicted on the left side above. The flow line r\ of h from 
the bottom to the top is an SLE K (p L ; p R ) process with p L = p R = | — 2. To 
go from the left figure to the right figure, add the constant function 2A' to left 
side of the strip minus the path and — 2A' to the right side to obtain a new 
field h with the boundary conditions shown on the right. By the reversibility 
of SLE K (p L ; p R ) processes [HI Theorem 1.1], h is a GFF with the boundary 
data indicated on the right side and the time-reversal of 77 is a flow line of h 
from the top to the bottom. Note that h — h is piecewise constant, equal to 
— 2A' to the left of the path and 2A' to the right. (We have not defined the 
difference on the almost surely zero-Lebesgue measure path r], but this does 
not effect the interpretation of this difference as a random distribution.) 



constant regions given by an appropriate SLE K (p L ; p R ) curve. We illustrate 
this principle for flow lines in Figure 
The expectation field E{z) : 



4.1 



which we recall from [Id] . 
[E(h — h))(z) where h and h are as in 
Figure 4.1 is a linear function equal to —2 A' on the left boundary of the strip 
and 2 A' on the right boundary. If we write Pl{z) for the probability that z 
is to the left of the curve and Pr(z) = 1 — Pl(z) for the probability that z 
is to the right, then E(z) = —2X'Pl(z) + 2X'Pr(z), which implies that Pl{z) 
is a linear function equal to 1 on the left boundary of the strip and on the 
right boundary. 



In light of the results of this paper, one can produce a variant of Figure 4.1 
involving counterflow lines when k G (2,4) so that k' G (4,8). We illustrate 
this in Figure 4.2 In this case, the expectation field E(z) := (E(h — h))(z) 
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Figure 4.2: Consider a GFF h on the infinite vertical strip [—1,1] x R 
whose boundary values are depicted on the left above. The counterflow 
line rf of h from the bottom to the top depicted in the middle above is 
an SLE K (p L ; p R ) process with p L = p R = y — 4. To see this, we note that 
2 A' — A = A' — |x and A — 2A' = — A' + 1%. Consequently, if ip is the conformal 
map which rotates the strip 90 degrees in the counterclockwise direction, the 
coordinate change formula (2.5) implies that the boundary conditions of the 
GFF h o — xargf^ -1 )' agree with those of the GFF on the horizontal 



strip as depicted in Figure |2.8| This is a path that is boundary filling but 
not space filling and it divides the strip into countably many regions that 
lie "left" of the path and countably many that lie "right" of the path. As 
in Figure 4T, we can go from the middle to the right figure by adding — 2 A 
to the left side of the path and 2A to the right side of the path. By the 
reversibility of SLE K (/r L ; p^) processes, the resulting field h is a GFF with 
the boundary data equal to —1 times the boundary data in the left figure, 
and the time-reversal of rj is the flow line of h from the top to the bottom. 
Note that h — h is piecewise constant, equal to 2A on the left of the path and 
— 2 A on the right. 



is a linear function equal to 2(A — 2A') < on the left and 2(2A' — A) > 
on the right. If we define Pl{z) and Pr{z) as above, then in this setting we 
have E(z) = 2\Pl(z) — 2XPr(z). This implies that Pl is a linear function 
equal to 2(A " 2 4 ^ )+2A = 1 - A'/A = (4 - k)/4 E (0, 1/2) on the left side and 1 
minus this value, which is k/A G (1/2, 1), on the right side. 

At first glance it is counterintuitive that points near the left boundary are 
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more likely to be on the right side of the path. This is the opposite of what 
we saw in Figure 4^ To get some intuition about this, consider the extreme 
case that k' and k are very close to 4. In this case, the p L and p R values 
in Figure 4.2 are very close to —2, which means, intuitively, that when rj(t) 
is on the left side of the strip, it traces very closely along a long segment of 
the left boundary before (at some point) switching over to the right side and 
tracing a long segment of that boundary, etc. Given this intuition, it is not 
so surprising that points near the left boundary are more likely to be to the 
right of the path. When k' is close to 8 (so that the counterflow line is close 
to being space filling) P L and Pr are close to the constant function |. Here 
the intuition is that the path is likely to get very near to any given point z, 
and once it gets near it has a roughly equal chance of passing z to the left or 
right. 
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